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Abstract

Dynamic programming techniques are often used in economy due to the recursive structure
that many dynamic economic optimization problems have. These problems, usually having a
complex form, are disintegrated into smaller sub-problems whose optimal solutions lead to
the optimal solution of the original problem. In the economic study of this paper we use the
backward method in which the final state of the system and the chosen policy determine the
initial state of the system.

Keywords: Dynamic Programming, Optimal Policy, Transfer Function, Efficiency Function,
Backward Method

Introduction

The term “dynamic programming” was used in the ‘50s by the American mathematician
Richard Bellman, in solving problems arising in the study of sequential decision — making
processes. Bellman chose the expression “dynamic programming” to emphasize the
appearance of time variation of processes, in the classical physical sense (Dreyfus, 2002).

In the paper “The theory of Dynamic Programming” (Bellman, 1954) are some examples
of processes that allow dynamic programming: planning of industrial production line,
determining replacement policy of equipment in factors, scheduling patients at a medical
clinic, determining long-term investment programs for universities, etc.

Used in mathematics, informatics, economy, this method consists in transforming a
complex initial sequential problem into a sequence of simpler, smaller problems, whose
solutions are optimal and lead to the optimal solution of the original problem.

The method is based on the principle of optimality (Bellman, 1954): “An optimal policy
has the property that whatever the initial state and decisions are, the remaining decisions
must constitute an optimal policy with regard to the state resulting from the first decisions”,
where, by policy, we understand “a sequence of decisions [...] which is most advantageous
according to some preassigned criterion”.

In other words “any optimal policy can only be formed from optimal sub-policies
(Kaufmann, 1967).
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Aspects of Backward Dynamic Programming
We consider a sequential decision process whose evolution over time can be controlled
by the actions of a decision making factor and describe the system’s state by vector (st)t .
S

called state vector (Trandafir, 2004).
The notations that we operate with in this paper are those used in (Popescu et al., 1999).
Thus,

St represents the set of possible states at time t;
Xt represents the set of admissible solutions, made up of solutions (policies, decisions)

X taken by the decision-maker at time t;

Uil T ui+1(si'xi+1) (1)
Where: i=1,n is called efficiency function and measures the quality of decision x ¥
i+
f=fu (s ,x),...u (s ,x))isthe overall efficiency function;
1 0 1 n n-1 n
T (s,x )=s iscalled transfer function from state i in state j + 1.
i+1 i i+l i+1
Using recursive writing we obtained:
ST ti+1(ti(...tl(so,xl)...),xi+1) (2)

A number of important features of dynamic programming are presented in (Chinneck,
2012).

Thus:

- The problem to be solved can be decomposed into subproblems (which are solved
independently), each corresponding to a stage representing the moments when decisions
must be taken. Depending on the directions of the scroll, we have forward dynamic
programming or backwards dynamic programming;

- Each stage has a certain number of states, representing the information needed in
solving subproblems;

- After making a decision, the system state changes as the relationship

T (s,x )=s (3)

i+1 i i+l i+1

- Given the current state, the optimal decision for the remaining stages is independent
of decisions made in previous states. This statement represents the fundamental dynamic
programming principle of optimality;

- There is a recursive relationship between the value of decision at a stage and the value
of the optimum decisions at previous stages.

In the economic study of this paper we use the backwards method, in which the final
state and the chosen policy determine the original state.
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Definition: A sequential optimization problem is called backwards decomposable if
there F:R> >R monotonic functions (increasing for an objective function “maxim” and
I

decreasing for an objective function “minimum”) in the second variable, so that:

fn—i+1(ui(si—1'xi)""'un(sn—1’xn)) - Fn—i+1(ui(si—1’xi)' fn—i(ui+1(si'Xi+1)""'un(sn—1'xn))) (4)
with f . efficiency function associated with decision process limited in phases
n—i+

i,i+1,..,n fori=1,n—-1and f(u)=u and f =f.
1 n n n

A policy consists of a sequence of decisions (Trandafir, 2004). The optimal policy s is

the corresponding policy of the optimal decision x~ that makes the optimal objective
function.

Economic Study

To increase profits, a fish farm manager decided to make an investment of 10.000 euro
in the following objectives: a pond for sport fishing (noted by 0O1), a pool for semi-intensive
growth of trout (noted by O) and a small guesthouse (noted by O3).

The question that arises in that of optimal allocation of the amount invested so that the
obtained profit to be maximum, considering the data in Table 1.

Observation: The data from Table 1 have an illustrative role.

Table 1. The profit percentage, provided by investments

Objectives Pond for sport | Pool for semi- | Small
fishing intensive guesthouse

Investme growth
0 0 0 0
1 0,2 0,16 0,15
2 0,23 0,19 0,20
3 0,29 0,30 0,27
4 0,35 0,32 0,39
5 0,44 0,43 0,48
6 0,50 0,53 0,51
7 0,59 0,57 0,55
8 0,73 0,78 0,80
9 0,90 0,84 0,82
10 0,95 1,10 0,9

Source: Made by the author

Step 1: It is written the mathematical model of the problem.
We note:

x = Investment provided for objective O;
I

z (x ) = Profit of investment x;
I I
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s =Investment in objectives i
I

Objective function:
maxf=zl(x1)+zz(x2)+23(x3) (5)
The constraint is: X tX X = 10

(6)

Non-negativity conditions:

x >0, i=1,10 with x = integer numbers.
I |

Step 2: It is determined the set of possible states at time /, transfer functions and the
set of feasible solutions.

=0 S =1{0 =s + 7

SO ’ SO € 0 { }I Tl(solxl) SO X1 ( )

s =s +x =X,,s €S ={0,1,2,3,45,6,7,8,910}, T (s ,x_ )=s +X (8)
1 o0 1 1 1 271" 1 2

s, =5, +x2 =X +X5, s, eS2 ={0,1,2,3,45,6,7,8,910}, ts(sz,x3) =s, + X3 (9)

s =10, s €S ={10}
3 0o 3
(10)

X]_ (SO) = {0,1,2,3,4,5,6,7,8,9 110}
(11)

X,(s4)={0-s;,1-54,...,10—-5;}
(12)

X5(s,)={10-s,}
(13)

Step 3 : There are reestablished the efficiency functions and the objective functions of
the subproblems obtained by dividing the original problem.

ul(so,xl)zzl(xl)

(14)

uz(s1'xz):zz(xz)

(15)
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u3(sz,x3):zs(x3)

(16)

fi= zl(x1)+22(x2)+23(x3)

(17)

fy, = zz(x2)+23(x3)

(18)

fs =23(x3)

(19)

Step 4: Since the problem is backwards decomposable withF(m,n)=m+n, i=2,3, it is
I

determined the optimal solutions of the component subproblems.
Let the recursive equations of backwards dynamic programming (Popescu et al., 1999)

~

. 1(5' 1) =max{f,_i;1 /X €X(s 1)} with the notations presented above, which we use
n—-i+l  i— i -

in the following cases:
I. Case n=3 and i=3

gl(sz) = max{f, /x3 € X3(sz)} = max{zs(xs)/x3 € X3(52)} = 23(10 _Sz)
(20)

This value was obtained for xZ(sz) = 1O—s2

[I.Case n=3 and i=2

~

gz(sl) =max{f, /x2 € Xz(s1)} = max{z2 (x2) + z3(x3)/x2 € Xz(s1)} =

= max{zz(xz) + 23(10 - sz)/x2 IS Xz(sl)}
= max{zz(xz) + 23(10 s —xz)/x2 € Xz(s1)}

(21)

Because s, covers the set {0,1,2,3,4,5,6,7,8,9,10} for gz(sl) we obtain the values in Table 2.
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Table 2. Values obtained for gz(sl)

Fo 7 68 30| IS IE M VT LT
[F T 6 [ A [ J [ kK [ L [ W [ v o] P [ 6 [ R [ 5 [ 7 |
x2 9200 e2(1) | e2@)  926)  g2¢) | g2()  g26)  g2()  «€28)  42(9)  g2(10)
i] 0.g
1 0.98 0.az2
2 0.99 0.9 0.8
3 0.85 074 071 0.55
4 0.83 0.a1 07 067 051
A 0.9 ns 078 067 0.64 0.48
g 0.92 n.az2 071 0.63 0.58 055 039
7 0.84 ns 07 0.59 057 0.46 0.43 0.27
a 0.93 077 073 0.63 052 ns 0.39 0.36 02
=] 099 0.93 072 0.63 058 0.47 0.45 0.34 0.3 015
10 1.1 0.84 078 0.57 053 0.43 032 0.3 019 016
maxim 1.1 0.96 0.8 0.69 0.64 0.55 0.45 0.36 0.31 0.16

Source: Made by the author

The maximum values presented in Table 2 were calculated for:

xz(O) =10, x2(1) =2, x2(2) =2, x2(3) =6, x2(4) =5, x2(5) =6, x2(6) =9, x2(7) =8, x2(8) =9,

"(9)=10, x_(10)=0
x.(9)=10,x'(10)

Il.Case n=3 and i=1

~

~

gs(so) = max{f3 /x1 IS X1(so)} = max{zl(xl) + f2 /x1 e Xl(so)} =

= max{zl(xl) + gz(sl)/x1 € Xl(SO)}

= max{zl(xl) + gz(s0 + xl)/x1 € Xl(s )}

0

= max{zl(xl) + gz(xl)/x1 € Xl(So)}

(22)

For ga(so)are obtained the values in Table 3.

Table 3. Values obtained for gg(so)

=]=1

37 > 1 o) 3 =)

== . 1.1
=9 1 1.16
A0 = 1.03
1 = 0.95
a2 =} 0.939
A= Ea o.99
.44 = 0. .95
A5 F 0.95
A5 = 1.04
a7 = 1.0E5
a5 10 0.95
a3

s v a i 1. 16
=1

=2

==

Source: Made by the author
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The maximum of 1.16 was obtained for x: = x:(s;) =1, with s; =0

Analogically we obtain:
* _ * * _ * * + * _ * 1 :2
% Xz(s1) Xz(so X1) Xz( )
x3 =x3(sz)=x3(sl+x2)=x3(3)=10—s2 =7

= maxf= zl(x1)+22(x2)+23(x3) = 21(1)+22(2)+23(7) =0,2+0,19+0,55=0,94
(23)

Conclusions

Thus, the optimal policy is (1,2,7). That is, the 10.000 euro will be invested as follows:
1.000 euro for the sport fishing pond, 2.000 euro for the semi-intensive growth pool and 7.000
euro for the small guesthouse.
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