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Abstract

Spectral methods also known as the Method of Weighted Residuals (MWR) are commonly
used in many fields such as Mathematics, Engineering, Physics and others. This method is
global smooth functions, usually by high order polynomials which differ from the finite
element and finite difference which are local smooth functions, usually by low order
polynomials. The most popular spectral methods that are commonly used by researchers are
Tau, Collocation and Galerkin methods. Since not all the differential equations can be solved
analytically, therefore, the numerical solution of the Legendre Tau method is presented. In
this study, the Legendre Tau method is proposed and the comparison with the Chebyshev Tau
method has been presented. The objectives of this study are to approximate the second order
Boundary Value Problem (BVP) using Spectral Tau method by using the Legendre polynomials
as the basis function and to make a comparison between the Legendre Tau method with
Chebyshev Tau method. The accuracy of the Legendre Tau method is also presented by
calculating the absolute error. Besides, the efficiency of both methods was proposed in this
study by calculating their CPU times. Previous literature shows that many researchers
approximated differential equations using Chebyshev Tau method while the Legendre Tau
method has never been used before. The numerical structures established in this study are in
line with solutions attained with renowned and standard spectral methods. To validate the
results and claim, several test problems were presented in this study.

Keywords: Taumethod, Spectraltaumethod, Legendrepolynomials, Chebyshevpolynomials

Introduction

Many researchers studied various types of numerical techniques for solving the differential
equations which are Spectral method, Chebyshev Tau method, Legendre Tau method and
other since not all the differential equations cannot be solved analytically. Oztiirk (2018)
stated that the differential systems and differential equations are suitable tools to discover
mathematical equations and mathematical modeling. According to Trefethen (1996) ordinary
differential equations (ODE) are easy to solve and understand compared to partial differential
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equations (PDE) while in the numerical methods for ODE, Runge-Kutta methods and linear
multistep methods are the methods that are commonly used.

Furthermore, the trigonometric polynomials such as Chebyshev polynomials, and
Legendre polynomials are the trial functions that are recently used in spectral methods
(Saldaria et al., 2006). The trial functions were used as the basis functions for a truncated
series expansion of the solution. In many areas of mathematics, Chebyshev polynomials are
very important especially in approximation theory (Kim, 2012). Khader et al (2015), said that
Chebyshev polynomials are the polynomials that are usually used in numerical analysis and
mathematical computations.

However, the study conducted by Davari and Ahmadi (2013), which is using the
approximation of Legendre polynomials to solve 2" order linear partial differential equations
produced better accuracy. They compared their method with the previous method such as
quadratic spline collocation method and Sinc Galerkin method. Next, Jung, Liu et al (2014),
also found that in their proposed method using Legendre polynomials is a good
approximation to the exact solution. Many researchers employ Chebyshev polynomials and
Legendre polynomials in their proposed method. For example, Liu (2009), using Legendre
polynomials to develop Adomian decomposition method and the result is compared with
Chebyshev polynomials. In addition to that, Hassan et al (2010), proposed ultraspherical tau
method employing the series expansions of Chebyshev and Legendre polynomials.

It can be concluded that there are numerous studies conducted about Spectral Tau
method employing Legendre polynomials and Chebyshev polynomials. Indeed, many
researchers used Chebyshev Tau method to approximate second order BVP as revealed by
(Bashir et al., 2015) and (Gourgoulhon et al., 2002). Therefore, the numerical solutions of
Legendre Tau method have been proposed in this study since the Legendre Tau method has
not been presented by other researchers for approximating the second order Boundary Value
Problem (BVP) with Dirichlet boundary conditions. The results then compare with the
Chebyshev Tau method with using Chebyshev polynomials as basic functions.

Families of Polynomials

In this subtopic, the properties of Legendre polynomials and Chebyshev polynomials will be
presented. These two polynomials are usual families of polynomials that are commonly used
by researchers.

Chebyshev Polynomials
. . 1 i
The Chebyshev polynomials T, are an orthogonal set with measure w = = on [-1, 1]. The
scalar product of the two T;. is given by:
C T e 2T 4 6000 (3.1)
o X =5 (14 60r)rs :

where 6, is a Kronecker delta same as Legendre polynomials with
Oifr#s
Ors =

lifr=s
The polynomials can be figured with Ty = 1, T; = x and the other depends on the recurrence
relation which is:

(3.2)
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Trp1(x) = 2xT(x) — Tr 1 (%), (3.3)
Gourgoulhon et al. (2002) claimed that the collocation points are differing to Legendre
polynomials since the points of Chebyshev polynomials which can simplify the computational
task. Besides, the relation between coefficients a,. of a function u and the coefficients b, of
Lu, where L is a linear operator and it is shown below:
If L is the multiplication by x then:

1
b, = > [(1+ 6or—1)ar—1 + Ari4] r=1) (3.4)
If L is the derivation:

2 N
b= — " 2
T (14 8or) Pt Pl 3.3)
p+r odd
If L is the second derivation:
N
by = > pt-17a
T (1 + 60r) ) p p 14 (3.6)
=r+
pﬁr even

Legendre Polynomials

The Legendre polynomials are denoted by Pr establish orthogonal polynomials family on [-
1, 1] with w=1 as a measure. One of the advantages of Legendre polynomials is the measure
is simple particularly from the analytical approach (Gourgoulhon et al., 2002). The scalar

product of the two P. is given by:
1

fPrPsdx =

-1
where 8, is a Kronecker delta as given in (3.2)
Given that Py = 1, P, = x, and all the other P. can be obtained by using the recurrence
relation as shown below:

(r+ 1P 1(x) = 2r+ 1)xB.(x) — rP._,(x). (3.8)
However, from the formula, it is shown that the collocation points position is not

analytical and need to be computed numerically. Some linear operation in coefficient space

can be derived. Consider a function u given by its coefficients:
N

"= Z a, P.(x) (3.9)

r=0
and H be a linear operator acting on H so that

(3.7)

2n + 16”

N
Hu = Z b, P.(x) (3.10)
=0

For some cases, the relation between the a, and b,- can be written explicitly.
For example:

If L is the multiplication by x:
T r+1
b, = 1 Ar-1 + 23 G+t r=1 (3.11)

If L is the derivation:
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N
b=@r+1) Y q (3.12)
p=r+1
p+r odd
If L is the second derivation:
1 N
b, = (r+ E) Z [r(r+1) —r(+ 1)]a, (3.13)
p=r+2
p+r even

Introduction of the Test Problem

The scheme development will apply Legendre polynomials and Chebyshev polynomials as
stated from the previous subtopic and will be described more detail in this subtopic. The test
problems chosen are second order BVP with Dirichlet boundary conditions with the given
exact solution. Since many researchers only used Chebyshev Tau method to approximate
second order BVP, therefore, all the three test problems chosen to approximate second order

BVP using Legendre Tau method.

Test Problem 1
Consider the following second order BVP (Bashir et al., 2015)

u" (x) — 4u'(x) + 4u(x) = e* — Trezr *E [—1,1] (3.14)
with Dirichlet boundary conditions
u(=1)=0,u(l) =0 (3.15)

The boundary value problem has the exact solution which is
sinh(1) e

= eX 3.16
ulx) =e sinh(2) ¢ 1+ e? ( )
Test Problem 2
Consider the following second order BVP (Gheorghiu, 2007)
() +ulx)=x*+x, xe€[-1,1] (3.17)
with boundary conditions
u(-1)=0,u(1) =0 (3.18)
The boundary value problem has the exact solution which is
) _ cos(x) __sin(x)
ulx)=x“+x—-2+ os(D) _ sin (D) (3.19)
Test Problem 3
Consider the following second order BVP (Dutykh, 2016)
u'(x)+u'(x) —2ulx) =2, xe€[-1,1] (3.20)
with boundary conditions
u(=1)=0,u(1) =0 (3.21)
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The boundary value problem has the exact solution which is
sinh(2) _ sinh(1) _,.

ub) =1- sinh(3) e sinh(3) ¢

(3.22)

The Implementation of Spectral Tau Method for Solving 2" Order BVP By Using the Basis
Function Legendre Polynomials
Consider the following general differential equation:

Pu" +Q()u'+ R()u = f(x), xe€[-1,1] (3.23)
u(-1)=a u(l)=g (3.24)

The linear operator on the I.h.s. of the equation (3.23) can also be written as follows:
d? d
H=S+241d (3.25)

By using the elementary linear operations as (3.25), the matrix representation of H
can be constructed that will be useful in the implementation of the different solvers.

Let
N

u= z a;P; (x) (3.26)

i=0

Then
N

Hu = ZN:E Lija; P;(x) (3.27)
i=0 j=0

]

The general matrices of derivative operators with respect to the Legendre basis as
corresponds to (3.12) and (3.13)
01 0 1 0 1

00 3 0 3
0 0 5 0 5
7 (3.28)

(N+1)x(N+1)
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0 0 3 0 10 0 21
0 0 0 15 0 42 O
0 0 0 0 3 0 9
d’ : 63 0

a _ . . 5
dx? | 9 . (3.29)

(N+1)x(N+1)

Therefore, the matrix representation of H was calculated according to (3.25) by substituting
the (3.28) and (3.29).

The test functions &,,are selected to be the same by way of the spectral functions of
decomposition. The residual equations by using Legendre polynomial are then
(B,bHu—f)=0 Vr<N (3.30)

In other words, the equation can be written as by using the matrix H;; which is:

N
i=0

To obtain the value of r.h.s. of test problems, the function f(x) can be expanded as

fx) = Z a,B-(x), (3.32)
=0
or in the matrix from
[f ()] = PF (3.33)

Then, the Legendre polynomials orthogonality implies that
2n+1 (1 fF(x)P-(x
2 -1 V1 — x2

a

This integral has been computed by using Maple 18 software as shown in Appendix E in order
to obtain the values of r.h.s. which is:

F=[fohffs fr]T (3.35)

In the Tau method, the boundary conditions are enforced as extra equations and can be
written as:

N
u(x=-1)=0= ) (-1)/a; =0 (3.36)
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N
u(x=+1)=0>a;=0 (3.37)
=0

To find an invertible system having a,- as unknown, the last two residual equations are relaxed
and substituted by two boundary conditions. The solution comes close to the exact solution
if the function is regular. The matrix format of the equation is as follows:

Hoo H01 Hoz HON 0 fo
Ho Hy Hypo oo o Hyy 1 fl
|t (3.38)
Hyo Huw Hyo H :
1 -1 1 -1 1 -1 :
1 1 1 1 1 1 a f

The value of ay, a4, a; ..., a,- will be obtained by solving the above matrix. Then, the numerical
solution by using Legendre Tau method can be obtained as written:

u(x) = agPy(x) + a1 Pi(x) + ayPy(x) + azP3(x) + ayPy(x) + - +a,B-(x) (3.39)

The first few Legendre polynomials are:
Po(x) = 1,

Pi(x) =x,

P,(x) = 2 (3x2 - 1),

P3(x) = 2 (5x° — 3x),

1
P(x) = §(35x4 — 30x2 + 3),
P.(x) = %(63x5 — 70x3 + 15x),

While the other polynomials can be constructed using the recursion relation as shown in
(3.8). Therefore, the approximate solution of u(x) can be written as

up ()= ag + arx + @, (3x2 — 1)) + a3 G (5% — 30)) + - +a,B.(x)  (3.40)
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Table 4.1
The Accuracy of Test Problems between Chebyshev Tau method and Legendre Tau method
Chebyshev Tau Legendre Tau Chebyshev Tau Legendre Tau
Method method Method method

TEST
PROBLEM 1 v v
TEST
PROBLEM 2 v v
TEST
PROBLEM 3 v v

Table 4.13 shows the comparison of the accuracy between the numerical solution and
absolute error of test problems 1, 2 and 3 on using Chebyshev Tau method and Legendre Tau
method with N = 4 and N = 8. As can be seen from the table, the Legendre Tau method has
better accuracy for all the test problems for N = 4 compared to the Chebyshev tau method.
However, for N = 8, the Chebyshev Tau method has better accuracy compared to the
Legendre Tau method for test problem 1. Whereas, for test problem 2 and test problem 3,
the Legendre Tau method gives more accurate solutions compared to Chebyshev Tau method
for N = 8. However, it can be concluded that as the number of terms increases, the accuracy
of Chebyshev Tau method and Legendre Tau method can be improved since the numerical
solution becomes closer to the exact solution and the absolute error gives the smallest value.

Furthermore, the numerical experiments can also be summarized that Legendre Tau
method is high efficiency since the CPU times for Chebyshev Tau method are longer for
both N for the two test problems. This indicated that Legendre Tau method has better
accuracy and efficiency compared to Chebyshev Tau method for certain functions.

Conclusion

The comparison of Chebyshev Tau method and Legendre Tau method has been made in terms
of accuracy and efficiency. Since the problems were solved numerically using the spectral Tau
method, the numerical results are then compared with the exact solutions. As can be
summarized from all the test problems, the Legendre Tau method gives better accuracy
rather than Chebyshev Tau method since the numerical solutions of Legendre Tau method
are very close to the exact solution for both N = 4 and N = 8. In addition to that, the
absolute error of Legendre Tau method is also smaller than Chebyshev Tau method for
both N. It is also observed that the accuracy of the results by using Legendre Tau method can
be improved by increasing the number of terms. Besides, Legendre Tau method also shows
high efficiency compared to the Chebyshev Tau method since the CPU times for the system
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to execute is much lesser. This indicates that Legendre Tau method has better accuracy and
efficiency compared to the Chebyshev Tau method for certain functions.

The results also show that the solutions express the correct physical behaviour of the
model equation between the exact solutions. For further analysis, the solutions still expressed
the physical behaviour by using Legendre Tau method same as by Chebyshev Tau method.
Therefore, from the analysis, it can be concluded that this method is consistent. Thus,
Legendre Tau method is numerically stable as N increases.

This work makes substantial theoretical and contextual contributions to the
understanding of spectral methods, especially regarding numerical solutions of differential
equations. This study clarifies the benefits of the Legendre approach in terms of accuracy and
processing economy by contrasting it with the Chebyshev Tau method. The results are
consistent with other studies that emphasize the Legendre Tau method's stability and
convergence qualities, which have been demonstrated to produce better approximations in
a variety of applications, including parabolic partial differential equations (Saadatmandi &
Dehghan, 2010). The study's findings add to the body of knowledge by offering factual proof
for the Legendre Tau method's preference in situations requiring a high degree of precision.

Additionally, the study supports the theoretical background of spectral methods by
proving that the numerical results are highly dependent on the choice of polynomial basis.
This comparative analysis not only supports the results of earlier research (Vyasarayani et al.,
2014; Lehotzky & Insperger, 2016) that suggests using Legendre polynomials instead of
Chebyshev polynomials in certain situations, but it also creates new opportunities for
investigating hybrid approaches that combine the best features of both approaches. Beyond
theoretical debates, this work has applications since the Legendre Tau method's proven
effectiveness can enhance computational procedures in a variety of scientific and engineering
fields. As a result, this study provides a useful manual as well as contributing to the theoretical
landscape of numerical approaches.

Recommendation

This study focuses on the comparison between Chebyshev Tau method and Legendre Tau
method to solve second order BVP by exploiting the trial functions of Chebyshev polynomials
and Legendre polynomials. As mentioned in the previous section, Chebyshev Tau method has
been used in numerous research to solve the second order BVP but not for Legendre Tau
method because this method is still lacking. So, the recommendation that can be made is the
Legendre Tau method used to solve higher-order BVP.

52



INTERNATIONAL JOURNAL OF ACADEMIC RESEARCH IN ACCOUNTING, FINANCE & MANAGEMENT SCIENCES
Vol. 14, No. 4, 2024, E-ISSN: 2225-8329 © 2023

References

Aboites, V. (2019). Legendre Polynomials: a Simple Methodology. Paper presented at the
Journal of Physics: Conference Series.

Babolian, E., & Hosseini, M. M. (2002). A modified spectral method for numerical solution of
ordinary differential equations with non-analytic solution. Applied Mathematics and
Computation, 132(2-3), 341-351.

Bashir, M., Ahmad, M., & Meraj, M. (2015). Spectral Element Methods For The Solution Of
Boundary Value Problem By Using Expansion In Chebyshev Polynomials. Science
International, 27(3), 1791-1796.

Bhrawy, A. H., Abdelkawy, M. A., & Mallawi, F. (2015). An accurate Chebyshev pseudospectral
scheme for multi-dimensional parabolic problems with time delays. Boundary Value
Problems, 2015(1), 103.

Boyd, J. P. (2000). Chebyshev and Fourier spectral methods. New York: Dover Publications.

Boyd, J. P., & Petschek, R. (2014). The relationships between Chebyshev, Legendre and Jacobi
polynomials: the generic superiority of Chebyshev polynomials and three important
exceptions. Journal of Scientific Computing, 59(1), 1-27.

Burden, R. L., & Faires, J. D. (2011). Numerical Analysis (Ninth Edition ed.). Boston: Richard
Stratton.

Davari, A., & Ahmadi, A. (2013). New implementation of Legendre polynomials for solving
partial differential equations. Applied Mathematics, 4(12), 1647.

Delkhosh, M., & Parand, K. (2019). Generalized pseudospectral method: Theory and
applications. Journal of Computational Science, 34, 11-32.

Doha, E. H., & Bhrawy, A. (2012). An efficient direct solver for multidimensional elliptic Robin
boundary value problems using a Legendre spectral-Galerkin method. Computers &
Mathematics with Applications, 64(4), 558-571.

Dongarra, J., Straughan, B., & Walker, D. (1996). Chebyshev tau-QZ algorithm methods for
calculating spectra of hydrodynamic stability problems. Applied Numerical
Mathematics, 22(4), 399-434.

Doria, M. M., & Coelho, R. C. (2018). Chebyshev, Legendre, Hermite and Other Orthonormal
Polynomials in D Dimensions. Reports on Mathematical Physics, 81(2), 243-271.

Disunceli, F., & Celik, E. (2015). An effective tool: Numerical solutions by Legendre
polynomials for high-order linear complex differential equations. Current Journal of
Applied Science and Technology, 348-355.

Dutykh, D. (2016). A brief introduction to pseudo-spectral methods: application to diffusion
problems. France: CNRS-LAMA.

Esen, A., Orug, O., & Bulut, F. (2017). Chebyshev Wavelet Method For Numerical Solutions of
PDEs. Paper presented at the Second International Conference On Computational
Mathematics And Engineering Sciences (CMES-2017), Istanbul, Turkey.

Finlayson, B., & Scriven, L. (1966). The method of weighted residuals—a review. Appl. Mech.
Rev, 19(9), 735-748.

Gheorghiu, C. I. (2007). Spectral methods for differential problems. Romania: Casa Cartii de
Stiinta Cluj-Napoca.

Gourgoulhon, E., Bonazzola, S., Grandclément, P., Marck, J.-A., & Novak, J. (2002).
Introduction to spectral methods. Paper presented at the 4th EU Network meeting,
Palma de Mallorca.

Gurefe, N., Kocer, E. G., & Gurefe, Y. (2012). Chebyshev Tau method for the Linear Klein-
Gordon Equation. International Journal of Physical Sciences, 7(43), 5723-5728.

53



INTERNATIONAL JOURNAL OF ACADEMIC RESEARCH IN ACCOUNTING, FINANCE & MANAGEMENT SCIENCES
Vol. 14, No. 4, 2024, E-ISSN: 2225-8329 © 2023

Hassan, S. M., Raslan, K., & Alamery, D. (2010). Spectral solutions for some hyperbolic partial
differential equations by the ultraspherical tau method. International Journal of
Nonlinear Science, 10(2), 164-178.

Hassani, H., Machado, J. T., & Naraghirad, E. (2019). Generalized shifted Chebyshev
polynomials for fractional optimal control problems. Communications in Nonlinear
Science and Numerical Simulation, 75, 50-61.

Heinrichs, W. (1989). Improved condition number for spectral methods. Mathematics of
computation, 53(187), 103-119.

Hossain, M., Hossain, M., Rahaman, M., Sikdar, M., & Rahaman, M. (2015). Numerical
Solutions of Second Order Boundary Value Problems by Galerkin Residual Method on
Using Legendre Polynomials. IOSR Journal of Mathematics, 11(6), 01-11.

Ito, K., & Teglas, R. (1986). Legendre Tau Approximations for Functional Differential
Equations. SIAM journal on control and optimization, 24(4), 737-759.

Johnson, D. (1996). Chebyshev polynomials in the spectral tau method and applications to
eigenvalue problems. Florida: National Aeronautics and Space Administration.

Julien, K., & Watson, M. (2009). Efficient multi-dimensional solution of PDEs using Chebyshev
spectral methods. Journal of Computational Physics, 228, 1480-1503.

Jung, C.Y,, Liu, Z., Rafiq, A,, Ali, F., & Kang, S. M. (2014). Solution of Second Order Linear and
Nonlinear Ordinary Differential Equations Using Legendre Operational Matrix of
Differentiation. International Journal of Pure and Applied Mathematics, 93(2), 285-
295.

Khader, M., Sweilam, N., & Adel, M. (2015). An Approximate Solution For Fractional Optimal
Control Problems Using Chebyshev Pseudo-Spectral Method. International Journal of
Mathematics and Computer Applications Research, 5(2), 65-76.

Khalil, H., Khan, R. A., Al-Samdi, M., Friehat, A., & Shawagfeh, N. (2015). New operational
matrix for shifted Legendre polynomials and Fractional differential equations with
variable coefficients. Journal of Mathematics, 47(1).

Kim, S.-H. (2012). Some properties of Chebyshev polynomials. Journal of Inequalities and
Applications, 2012(1), 167.

Kumar, S., & Piret, C. (2019). Numerical solution of space-time fractional PDEs using RBF-QR
and Chebyshev polynomials. Applied Numerical Mathematics, 143, 300-315.

Lehotzky, D. and Insperger, T. (2016). A pseudospectral tau approximation for time delay
systems and its comparison with other weighted-residual-type methods. International
Journal for  Numerical Methods in Engineering, 108(6), 588-613.
https://doi.org/10.1002/nme.5225

Liu, Y. (2009). Adomian decomposition method with orthogonal polynomials: Legendre
polynomials. Mathematical and Computer Modelling, 49(5-6), 1268-1273.

Mai-Duy, N., & Tanner, R. I. (2007). A spectral collocation method based on integrated
Chebyshev polynomials for two-dimensional biharmonic boundary-value problems.
Journal of Computational and Applied Mathematics, 201(1), 30-47.

Marti, P., Calkins, M., & Julien, K. (2016). A computationally efficient spectral method for
modeling core dynamics. Geochemistry, Geophysics, Geosystems, 17(8), 3031-3053.

Mokhtary, P., & Ghoreishi, F. (2011). The L 2-convergence of the Legendre spectral Tau matrix
formulation for nonlinear fractional integro differential equations. Numerical
Algorithms, 58(4), 475-496.

Mokhtary, P., Ghoreishi, F., & Srivastava, H. (2016). The Miintz-Legendre Tau method for
fractional differential equations. Applied Mathematical Modelling, 40(2), 671-684.

54



INTERNATIONAL JOURNAL OF ACADEMIC RESEARCH IN ACCOUNTING, FINANCE & MANAGEMENT SCIENCES
Vol. 14, No. 4, 2024, E-ISSN: 2225-8329 © 2023

Mousa-Abadian, M., & Momeni-Masuleh, S. (2017). Numerical solution of linear time delay
systems using Chebyshev-tau spectral method. Applications & Applied Mathematics,
12(1).

Ogundare, B. (2009). On the pseudo-spectral method of solving linear ordinary differential
equations. Journal of Mathematics and Statistics, 5(2), 140.

Olagunju, A., & Olaniregun, D. (2012). Legendre-Coefficients Comparison Methods for the
Numerical Solution of a Class of Ordinary Differential Equations. IOSR-JM, 2(2), 14-19.

Oztiirk, Y. (2018). Numerical solution of systems of differential equations using operational
matrix method with Chebyshev polynomials. Journal of Taibah University for Science,
12(2), 155-162.

Ramadan, M. A., Raslan, K. R, El Danaf, T. S., & El Salam, M. A. A. (2017). An exponential
Chebyshev second kind approximation for solving high-order ordinary differential
equations in unbounded domains, with application to Dawson's integral. Journal of
the Egyptian Mathematical Society, 25(2), 197-205.

Ren, R.-f,, Li, H.-b., Jiang, W., & Song, M.-y. (2013). An efficient Chebyshev-tau method for
solving the space fractional diffusion equations. Applied Mathematics and
Computation, 224, 259-267.

Saadatmandi, A., & Dehghan, M. (2010). Numerical solution of hyperbolic telegraph equation
using the Chebyshev tau method. Numerical Methods for Partial Differential
Equations: An International Journal, 26(1), 239-252.

Saadatmandi, A., & Dehghan, M. (2011). A tau approach for solution of the space fractional
diffusion equation. Computers & Mathematics with Applications, 62(3), 1135-1142.

Saadatmandi, A. and Dehghan, M. (2010). Computation of two time-dependent coefficients
in a parabolic partial differential equation subject to additional specifications.
International  Journal of Computer Mathematics, 87(5), 997-1008.
https://doi.org/10.1080/00207160802253958

Sakran, M. (2019). Numerical solutions of integral and integro-differential equations using
Chebyshev polynomials of the third kind. Applied Mathematics and Computation, 351,
66-82.

Saldana, J. G. B., Bernal, J. A. J., Torres, C. G., & Diez, P. Q. (2006). Numerical solution for the
one-dimension heat equation by a pseudo-spectral discretization technique.
Cientifica, 10(1), 3-8.

Santos-Olivan, D., & Sopuerta, C. F. (2018). Pseudo-Spectral Collocation Methods for
Hyperbolic Equations with Arbitrary Precision: Applications to Relativistic Gravitation.
Journal of Computational Physics, 1-31.

Sezer, M., & Kaynak, M. (1996). Chebyshev polynomial solutions of linear differential
equations. International Journal of Mathematical Education in Science and
Technology, 27(4), 607-618.

Shao, W., & Wu, X. (2013). Chebyshev Tau method meshless method based on the highest
derivative for fourth order equations. Applied Mathematical Modelling, 1413-1430.

Siyyam, H., & Syam, M. (1997). An accurate solution of the Poisson equation by the Chebyshev
Tau method. Journal of Computational and Applied Mathematics, 85(1), 1-10.

Sumathi, V., Hemalatha, S., & Sripathy, B. (2019). Numerical Solution of PDE Using Two
Dimensional Chebyshev Wavelet Collocation Method. International Journal of
Innovative Technology and Exploring Engineering (IJITEE), 8(4), 268-273.

55



INTERNATIONAL JOURNAL OF ACADEMIC RESEARCH IN ACCOUNTING, FINANCE & MANAGEMENT SCIENCES
Vol. 14, No. 4, 2024, E-ISSN: 2225-8329 © 2023

Sweilam, N., Nagy, A., & El-Sayed, A. A. (2016). On the numerical solution of space fractional
order diffusion equation via shifted Chebyshev polynomials of the third kind. Journal
of King Saud University-Science, 28(1), 41-47.

Trefethen, L. N. (1996). Finite difference and spectral methods for ordinary and partial
differential equations.

Zhao, T, Li, C., Zang, Z., & Wu, Y. (2012). Chebyshev-Legendre pseudo-spectral method for
the generalised Burgers—Fisher equation. Applied Mathematical Modelling, 36(3),
1046-1056.

56



